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A detailed Hamiltonian analysis for a five-dimensional Kalb-Ramond, massive Kalb-Ramond and
Stu¨eckelberg Kalb-Ramond theories with a compact dimension is performed. We develop a complete
constraint program, then we quantize the theory by constructing the Dirac brackets. From the gauge
transformations of the theories, we fix a particular gauge and we find pseudo-Goldstone bosons in
Kalb-Ramond and Stu¨eckelberg Kalb-Ramond’s effective theories. Finally we discuss some remarks
and prospects.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
It is well-know that antisymmetric tensor fields have an important relevance in theoretical
physics. In fact, the antisymmetric tensor fields has been used for describing mass zero spinless
as well as vector particles [1–6]; in other cases, they appear in some formulations of supergravity
theories [7–9] and as a way of gauging the apparent internal supersymmetry of the weak interactions
[10]. In string theory, antisymmetric fields are mediators of the interaction between open strings
with charged particles [11], and also they are a fundamental block for describing the unification of
Yang-Mills and supergravity [12]. Moreover, they have also an important role characterizing defects
in solid state physics [13].
For the reasons explained above, in this paper we analyze in the context of extra dimensions
theories involving antisymmetric tensor fields. We study three models; 5D Kalb-Ramond, 5D Proca
Kalb-Ramond and 5D Stu¨eckelberg Kalb-Ramond theories [14]. We carryout the compactification
process on a S1/Z2 orbifold obtaining an effective Lagrangian composed by a four-dimensional
theory plus a tower of kk-excitations. We analize the effects of the compactification process on
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2the theory by performing a pure Dirac’s framework. We develop a complete constraints program,
we find that 5D Kalb-Ramond and 5D Stu¨eckelberg Kalb-Ramond theories present reducibility
conditions among the constraints in both the zero modes and in the kk-excitations, while 5D Proca
Kalb-Ramond is an irreducible system. We show that 5D Kalb-Ramond and 5D Stu¨eckelberg
Kalb-Ramond Lagrangians are gauge theories, from the gauge transformations we fixed the gauge
and by using that gauge we obtain that there are present pseudo-Goldstone bosons in the theories.
Respect to 5D Proca Kalb-Ramond Lagrangian, the theory is not a gauge theory and there are not
present pseudo-Goldstone bosons. Because of 5D Kalb-Ramond and 5D Stu¨eckelberg Kalb-Ramond
theories are reducible systems, we use the phase space extension procedure for constructing the
Dirac brackets and we calculate these brackets among the physical fields. All these ideas are
clarified along the paper.
II. KALB-RAMOND ACTION IN 5D WITH A COMPACT DIMENSION
The notation that we will use along the paper is the following: the capital latin indices M,N
run over 0, 1, 2, 3, 5 here 5 label the extra compact dimension and these indices can be raised and
lowered by the four-dimensional Minkowski metric ηMN = (1,−1,−1,−1,−1); y will represent the
coordinate in the compact dimension and µ, ν = 0, 1, 2, 3 are spacetime indices, xµ the coordinates
that label the points for the four-dimensional manifold M4; furthermore we will suppose that the
compact dimension is a S1/Z2 orbifold whose radius is R. Hence, let us study the five dimensional
Kalb-Ramond action given by [14]
L = 1
2× 3!HMNLH
MNL, (1)
where the strength fields HMNL = ∂MBNL + ∂NBLM + ∂LBMN , with BLM = −BML is the Kalb-
Ramond field. In this manner, for studying the theory in the context of Kaluza-Klein modes, we
express any dynamical variable defined on M4 × S1/Z2 as a complete set of harmonics [15–18]
Bµν(x, y) =
1√
2πR
B(0)µν (x) +
1√
πR
∞∑
n=1
B(n)µν (x) cos
(ny
R
)
,
Bµ5(x, y) =
1√
πR
∞∑
n=1
B
(n)
µ5 (x) sin
(ny
R
)
. (2)
For this theory, the dynamical variables for the zero mode are given by B
(0)
0i , B
(0)
ij and for the
kk-modes are B
(n)
0i , B
(n)
ij , B
(n)
05 , B
(n)
i5 with i, j = 1, 2, 3. We shall suppose that the number of kk-
excitations is k, and we will take the limit k → ∞ at the end of the calculations, thus, n =
1, 2, 3...k − 1.
By taking into account (2) in (1) and performing the integration over the fifth dimension, we obtain
3the following effective Lagrangian given by
L = 1
2× 3!H
(0)
µνλH
µνλ
(0) +
∞∑
n=1
[
1
2× 3!H
(n)
µνλH
µνλ
(n)
+
1
4
(
∂µB
(n)
ν5 + ∂νB
(n)
5µ −
n
R
B(n)µν
)(
∂µBν5(n) + ∂
νB5µ(n) −
n
R
Bµν(n)
)]
. (3)
In this manner, we can compute the following Hessian of the theory
∂2L
∂(∂0B
(0)
λρ )∂(∂0B
(0)
αβ )
=
1
4
(gαλgβρ − gαρgβλ),
∂2L
∂(∂0B
(m)
KM )∂(∂0B
(h)
LH)
=
1
4
(gLKgHM − gLMgHK) + 1
4
δH5 δ
M
5 g
LK , (4)
it is straightforward to observe that the Hessian has a rank=4 and 4(k − 1) null vectors,
thus, we expect 4(k − 1) primary constraints. Therefore, from the definition of the momenta
(Π0i(0),Π
ij
(0),Π
0i
(n),Π
ij
(n),Π
05
(n),Π
i5
(n)) canonically conjugate to (B
(0)
0i , B
(0)
ij , B
(n)
0i , B
(n)
ij , B
(n)
05 , B
(n)
i5 ) given
by
Π0i(0) = 0, Π
ij
(0) =
1
2
H0ij(0) ,
Π0i(n) = 0, Π
ij
(n) =
1
2
H0ij(n), Π
05
(n) = 0, Π
i5
(n) =
1
2
(∂0Bi5(n) + ∂
iB50(n) −
n
R
B0i(n)), (5)
we obtain the following 4(k − 1) primary constraints
φ0i(0) ≡ Π0i(0) ≈ 0,
φ0i(n) ≡ Π0i(n) ≈ 0, φ05(n) ≡ Π05(n) ≈ 0. (6)
In this manner, by using the definition of the momenta, we obtain the following canonical Hamilto-
nian
Hc =
∫
d3x
[
2B
(0)
0i ∂jΠ
ij
(0) +Π
(0)
ij Π
ij
(0) −
1
2× 3!H
(0)
ijkH
ijk
(0) +
∞∑
n=1
[
2B
(n)
0i ∂jΠ
ij
(n)
+Π
(n)
ij Π
ij
(n) −
1
2× 3!H
(n)
ijkH
ijk
(n) + 2Π
(n)
i5 Π
i5
(n) + 2B
(n)
05 ∂iΠ
5i
(n) + 2
n
R
B
(n)
0i Π
i5
(n)
−1
4
(
∂iB
(n)
j5 + ∂jB
(n)
5i −
n
R
B
(n)
ij
)(
∂iBj5(n) + ∂
jB5i(n) −
n
R
Bij(n)
)]]
, (7)
thus, the primary Hamiltonian takes the form
H1 = Hc +
∫
d3x
[
a
(0)
0i φ
0i
(0) +
k−1∑
n=1
(
a
(n)
0i φ
0i
(n) + a
(n)
05 φ
05
(n)
)]
, (8)
where a
(0)
0i , a
(n)
0i and a
(n)
05 are Lagrange multipliers enforcing the constraints, and the fundamental
Poisson brackets are
{B(0)αβ (x),Πµν(0)(z)} =
1
2
(δµαδ
ν
β − δµβδνα)δ3(x− z),
{B(l)HL(x),ΠMN(n) (z)} =
1
2
δln(δ
M
H δ
N
L − δML δNH )δ3(x − z). (9)
4Therefore, in order to determine if there are more constraints we calculate consistency relations
among the constraints and we obtain the following secondary constraints
φ˙0i(0)(x) = {φ0i(0)(x), H1(z)} = ∂jΠij(0)(x) ≈ 0,
φ˙0i(n)(x) = {φ0i(n)(x), H1(z)} = ∂jΠij(n)(x) +
n
R
Πi5(n)(x) ≈ 0,
φ˙05(n)(x) = {φ05(n)(x), H1(z)} = ∂jΠ5j(n)(x) ≈ 0. (10)
For this theory there are not third constraints. Therefore, we have obtained the following 8k − 2
constraints
φ0i(0) ≡ Π0i(0) ≈ 0,
ψ0i(0) ≡ ∂jΠij(0) ≈ 0,
φ0i(n) ≡ Π0i(n) ≈ 0,
φ05(n) ≡ Π05(n) ≈ 0,
ψ0i(n) ≡ ∂jΠij(n) +
n
R
Πi5(n) ≈ 0,
ψ05(n) ≡ ∂jΠ5j(n) ≈ 0, (11)
we are able to observe that these constraints are all of first class. However, they are not all inde-
pendent because there are reducibility conditions among the constraints in both, the zero mode and
the kk-excitations. These conditions are given by the following k relations
∂iψ
0i
(0) = 0,
∂iψ
0i
(n) +
n
R
ψ05(n) = 0, (12)
thus, for the theory under study there are [(8k− 2)− k] = 7k− 2 independent first class constraints.
Therefore, the counting of degrees of freedom is performed as follows; there are 20k − 8 dynamical
variables and 7k− 2 independent first class constraints, thus we obtain that the number of physical
degrees of freedom is given by
DF =
1
2
[20k − 8− 2(7k − 2)] = 3k− 2, (13)
we observe if k = 1, then there is one degree of freedom, it is associated with the zero mode which
correspond to 4D Kalb-Ramond theory without an extra dimension.
Because we have obtained a set of first class constraints, we can calculate the gauge transformations
of the theory. For this aim, we define the following gauge generator of the theory
G =
∫ [
ǫ
(0)
0i φ
0i
(0) + ǫ
(0)
i ψ
0i
(0) + ǫ
(n)
0i φ
0i
(n) + ǫ
(n)
i ψ
0i
(n) + ǫ
(n)
05 φ
05
(n) + ǫ
(n)
5 ψ
05
(n)
]
d3z. (14)
5In this manner, we obtain the gauge transformations of the theory given by
B
(0)
0i → B(0)0i − ∂0ǫ(0)i ,
B
(0)
ij → B(0)ij + ∂iǫ(0)j − ∂jǫ(0)i ,
B
(n)
0i → B(n)0i − ∂0ǫ(n)i ,
B
(n)
05 → B(n)05 + ∂0ǫ(n)5 ,
B
(n)
ij → B(n)ij + ∂iǫ(n)j − ∂jǫ(n)i ,
B
(n)
i5 → B(n)i5 +
n
R
ǫ
(n)
i − ∂iǫ(n)5 , (15)
however, they can be written as the following compact expressions
δB(0)µν = ∂µǫ
(0)
ν − ∂νǫ(0)µ ,
δB(n)µν = ∂µǫ
(n)
ν − ∂νǫ(n)µ ,
δB
(n)
µ5 =
n
R
ǫ(n)µ − ∂µǫ(n)5 , (16)
we can observe from (16) that by fixing the following gauge
ǫ(n)µ =
R
n
(∂µǫ
(n)
5 −B(n)µ5 ), (17)
we find that the fields B
(n)
µν transforms as
δB(n)µν = −∂µB(n)ν5 + ∂νB(n)µ5 . (18)
Therefore, by taking into account (17) and (18) in the effective Lagrangian (3) we obtain
L = 1
2× 3!H
(0)
µνλH
µνλ
(0) +
∞∑
n=1
[
1
2× 3!H
(n)
µνλH
µνλ
(n) +
1
4
( n
R
)2
B(n)µν B
µν
(n)
]
, (19)
where we can observe that the fields B
(n)
µ5 has been absorbed and therefore they are identified as a
pseudo-Goldstone bosons. It is important to remark, that also there are present pseudo-Goldstone
bosons in 5D-Maxwell and 5D-Stu¨eckelberg theories with a compact dimension [16, 19]. This fact,
show a close relation among Maxwell theory and Kalb-Ramond theory.
Now we will procedure to calculate the Dirac brackets among the physical fields. For this aim, we
observe in the constraints that there are not mixed terms of the zero modes with the kk-excitations,
thus, we can calculate the Dirac brackets independently for each case. First, we will calculate the
Dirac brackets for the zero-mode, then for the kk-excitations. We need to remember that all the
constraints are of first class, hence, we need to fix the gauge in order to obtain a set of second class
constraints. Because the constraints are reducible, we introduce auxiliary variables by using the
phase space extension procedure [14], thus we will work with the following set of constraints
χ1(0) ≡ Π0i(0), χ2(0) ≡ B(0)0i ,
χ3(0) ≡ 2∂jΠij(0) + ∂ip(0), χ4(0) ≡ ∂jB
(0)
ij + ∂iq
(0), (20)
where q(0) y p(0) are auxiliary fields satisfying the following relations
{q(0)(x), p(0)(z)} = δ3(x− z). (21)
6It is important to remark, that the introduction of the these auxiliary variables converts the con-
straints in a set of irreducible constraints, therefore it is possible to calculate the Dirac brackets
of the theory. In this way, we obtain the following matrix whose entries are the Poisson brackets
among the constraints (20) given by
(
C
(0)
αβ
)
=


0 − 12δij 0 0
1
2δ
i
j 0 0 0
0 0 0 −δij∇2
0 0 δij∇2 0


δ3(x − z), (22)
where its inverse is given by
(
Cαβ(0)
)
=


0 2δij 0 0
−2δij 0 0 0
0 0 0
δ
j
i
∇2
0 0 − δ
j
i
∇2
0


δ3(x − z). (23)
In this manner, the Dirac brackets of two functionals A, B defined on the phase space, are expressed
by
{F (x), G(z)}D ≡ {F (x), G(z)} +
∫
d2ud2w{F (x), ξα(u)}Cαβ{ξβ(w), G(z)},
where {F (x), G(z)} is the Poisson bracket between two functionals F,G, and ξα = (χ1, χ2, χ3, χ4)
represent the second class constraints. By using this fact, we obtain the following nonzero Dirac’s
brackets for the zero-mode
{B(0)0i (x),Π0j(0)(z)}D = δji δ3(x− z),
{B(0)ij (x),Πkl(0)(z)}D =
1
2
[δki δ
l
j − δliδkj −
1
∇2 (δ
k
i ∂
l∂j − δli∂k∂j − δkj ∂l∂i + δlj∂k∂i)]δ3(x − z).(24)
Furthermore, the Dirac brackets among physical and auxiliary variables vanish
{q(0)(x), p(0)(z)}D = 0,
{q(0)(x),Πij(0)(z)}D = 0,
{q(0)(x), B(0)ij (z)}D = 0,
{B(0)kl (x), p(0)(z)}D = 0,
{Π(0)ij (x), p(0)(z), }D = 0. (25)
We are able to observe that the Dirac brackets are independent of the auxiliary variables [14].
Now, we will compute the Dirac brackets for the kk-excitations. Just as it was performed above,
we fix the gauge and also we will introduce auxiliary variables; we need to remember that for the
constraints of the kk-excitations there are reducibility conditions as well. In this manner, we will
7work with the following set of independent second class constraints
χ1(n) ≡ Π0i(n), χ2(n) ≡ B(n)0i ,
χ3(n) ≡ Π05(n), χ4(n) ≡ B(n)05 ,
χ5(n) ≡ 2∂jΠij(n) +
n
R
2Πi5(n) + ∂
ip(n), χ
6
(n) ≡ ∂jB(n)ij + ∂iq(n),
χ7(n) ≡ 2∂jΠ5j(n), χ8(n) ≡ ∂jB
(n)
5j , (26)
just as above, the auxiliary fields q(n) and p(n) satisfy
{q(n)(x), p(n)(z)} = δ3(x− z). (27)
Therefore, the non-zero Poisson brackets among the constraints are given by
{χ1(n)(x), χ2(n)(z)} = −
1
2
δijδ
3(x− z),
{χ3(n)(x), χ4(n)(z)} = −
1
2
δ3(x − z),
{χ5(n)(x), χ6(n)(z)} = −δik∂j∂jδ3(x − z),
{χ5(n)(x), χ8(n)(z)} =
n
R
∂iδ3(x− z),
{χ7(n)(x), χ8(n)(z)} = −∂i∂iδ3(x− z), (28)
thus, we obtain the following matrix
(
C
(n)
αβ
)
=


0 − 12δij 0 0 0 0 0 0
1
2δ
i
j 0 0 0 0 0 0 0
0 0 0 − 12 0 0 0 0
0 0 12 0 0 0 0 0
0 0 0 0 0 −δij∇2 0 nR∂i
0 0 0 0 δij∇2 0 0 0
0 0 0 0 0 0 0 −∇2
0 0 0 0 − n
R
∂i 0 ∇2 0


δ3(x − z),
where its inverse is given by
(
Cαβ(n)
)
=


0 2δji 0 0 0 0 0 0
−2δji 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 −2 0 0 0 0 0
0 0 0 0 0
δ
j
i
∇2
0 0
0 0 0 0 − δ
j
i
∇2
0 − n∂j
R(∇2)2 0
0 0 0 0 0 n∂
j
R(∇2)2 0
1
∇2
0 0 0 0 0 0 − 1
∇2
0


δ3(x− z).
In this way, we obtain the following non-zero Dirac brackets
{B(n)0i (x),Π0j(n)(z)}D = δji δ3(x− z),
{B(n)ij (x),Πkl(n)(z)}D =
1
2
[δki δ
l
j − δliδkj −
1
∇2 (δ
k
i ∂
l∂j − δli∂k∂j − δkj ∂l∂i + δlj∂k∂i)]δ3(x− z). (29)
8and the Dirac brackets between physical and auxiliary variables vanish as expected, this is
{q(n)(x), p(n)(z)}D = 0,
{q(n)(x),Πij(n)(z)}D = 0,
{q(n)(x), B(n)ij (z)}D = 0,
{B(n)kl (x), p(n)(z)}D = 0,
{Π(n)ij (x), p(n)(z), }D = 0. (30)
III. 5D PROCA KALB-RAMOND THEORY WITH A COMPACT DIMENSION
In this section we shall analyze the following action
L = 1
2× 3!HMNLH
MNL − 1
4
m2BMNB
MN , (31)
where the fields BMN and H
MNK are defined as above. By performing the 4+1 decomposition, the
Lagrangian (31) takes the form
L = 1
2× 3!HµνλH
µνλ +
1
4
H5µνH
5µν − 1
4
m2BµνB
µν − 1
2
m2Bµ5B
µ5, (32)
thus, by taking into account the expansion (2) and integrating over the compact dimension we obtain
the following effective Lagrangian
L = 1
2× 3!H
(0)
µνλH
µνλ
(0) −
1
4
m2B(0)µν B
µν
(0) +
∞∑
n=1
[
1
2× 3!H
(n)
µνλH
µνλ
(n) −
1
4
m2B(n)µν B
µν
(n)
−1
2
m2B
(n)
µ5 B
µ5
(n) +
1
4
(
∂µB
(n)
ν5 + ∂νB
(n)
5µ −
n
R
B(n)µν
)(
∂µBν5(n) + ∂
νB5µ(n) −
n
R
Bµν(n)
)]
. (33)
In order to perform the Hamiltonian analysis, we observe that the Hessian
∂2L
∂(∂0B
(0)
λρ )∂(∂0B
(0)
αβ )
=
1
4
(gαλgβρ − gαρgβλ),
∂2L
∂(∂0B
(m)
KM )∂(∂0B
(h)
LH)
=
1
4
(gLKgHM − gLMgHK) + 1
4
δH5 δ
M
5 g
LK , (34)
has a rank=4 and 4(k − 1) null vectors, thus, we expect 4(k − 1) primary constraints. There-
fore, from the definition of the momenta (Π0i(0),Π
ij
(0),Π
0i
(n),Π
ij
(n),Π
05
(n),Π
i5
(n)) canonically conjugate to
(B
(0)
0i , B
(0)
ij , B
(n)
0i , B
(n)
ij , B
(n)
05 , B
(n)
i5 ) we obtain
Π0i(0) = 0, Π
ij
(0) =
1
2
H0ij(0) ,
Π0i(n) = 0, Π
ij
(n) =
1
2
H0ij(n), Π
05
(n) = 0, Π
i5
(n) =
1
2
(∂0Bi5(n) + ∂
iB50(n) −
n
R
B0i(n)), (35)
thus, we identify the following 4k − 1 primary constraints
φ0i(0) ≡ Π0i(0) ≈ 0,
φ0i(n) ≡ Π0i(n) ≈ 0, φ05(n) ≡ Π05(n) ≈ 0. (36)
9By using the definition of the momenta, we obtain the canonical Hamiltonian
Hc =
∫
d3x
[
2B
(0)
0i ∂jΠ
ij
(0) +Π
(0)
ij Π
ij
(0) −
1
2× 3!H
(0)
ijkH
ijk
(0) +
1
2
m2B
(0)
0i B
0i
(0) +
1
4
m2B
(0)
ij B
ij
(0)
+
∞∑
n=1
[
2B
(n)
0i ∂jΠ
ij
(n) +Π
(n)
ij Π
ij
(n) −
1
2× 3!H
(n)
ijkH
ijk
(n) +
1
2
m2B
(0)
0i B
0i
(0) +
1
4
m2B
(n)
ij B
ij
(n)
+
1
2
m2B
(n)
05 B
05
(n) +
1
2
m2B
(n)
i5 B
i5
(n) + 2Π
(n)
i5 Π
i5
(n) + 2B
(n)
05 ∂iΠ
5i
(n) +
n
R
2B
(n)
0i Π
i5
(n)
−1
4
(
∂iB
(n)
j5 + ∂jB
(n)
5i −
n
R
B
(n)
ij
)(
∂iBj5(n) + ∂
jB5i(n) −
n
R
Bij(n)
)]]
, (37)
and the primary Hamiltonian is given by
H1 = Hc +
∫
d3x
[
a
(0)
0i φ
0i
(0) +
k−1∑
n=1
(
a
(n)
0i φ
0i
(n) + a
(n)
05 φ
05
(n)
)]
, (38)
where a
(0)
0i , a
(n)
0i and a
(n)
05 are Lagrange multipliers enforcing the constraints. The fundamental
Poisson brackets of the theory are as usual
{B(0)αβ (x),Πµν(0)(z)} =
1
2
(δµαδ
ν
β − δµβδνα)δ3(x− z),
{B(l)HL(x),ΠMN(n) (z)} =
1
2
δln(δ
M
H δ
N
L − δML δNH )δ3(x − z). (39)
In oder to observe if there are more constraints, we demand consistency conditions for the primary
constraints and we obtain the following secondary constraints
φ˙0i(0)(x) = {φ0i(0)(x), H1(z)} = 2∂jΠij(0)(x) +m2B0k(0)(x) ≈ 0,
φ˙0i(n)(x) = {φ0i(n)(x), H1(z)} = 2∂jΠij(n)(x) +m2B0i(n)(x) +
n
R
2Πi5(n)(x) ≈ 0,
φ˙05(n)(x) = {φ05(n)(x), H1(z)} = 2∂jΠ5j(n)(x) +m2B05(n)(x) ≈ 0, (40)
for this theory there are not third constraints. Therefore, the full set of constraints for the theory is
given by
φ0i(0) ≡ Π0i(0) ≈ 0,
ψ0i(0) ≡ 2∂jΠij(0) +m2B0i(0) ≈ 0,
φ0i(n) ≡ Π0i(n) ≈ 0,
ψ0i(n) ≡ 2∂jΠij(n) +m2B0i(n) +
n
R
2Πi5(n) ≈ 0,
φ05(n) ≡ Π05(n) ≈ 0,
ψ05(n) ≡ 2∂jΠ5j(n) +m2B05(n) ≈ 0. (41)
We can observe that the constraints given above are of second class and there are not reducibility
conditions. In fact, the term of mass breaks down both, the gauge invariance of the kinetic term
and the reducibility conditions among the constraints. Therefore, the counting of physical degrees
of freedom is carry out in the following form; there are 20k − 8 dynamical variables and 8k − 2
independent second class constraints, thus there are
DF =
1
2
[20k − 8− (8k − 2)] = 6k− 3 (42)
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degrees of freedom. We observe that if we take k = 1, then we obtain DF = 3 as expected. On the
other hand, we can observe that each excitation contribute with 6 degrees of freedom.
Now we will calculate the Dirac brackets of the theory. For this aim, we rewrite the constraints in
the following form
χ1(0) ≡ Π0i(0), χ2(0) ≡ 2∂jΠij(0) +m2B0i(0),
χ1(n) ≡ Π0i(n), χ2(n) ≡ 2∂jΠij(n) +m2B0i(n) +
n
R
2Πi5(n), χ
3
(n) ≡ Π05(n), χ4(n) ≡ 2∂jΠ5j(n) +m2B05(n),
we observe that the zero-modes and the excited modes are not mixed in the constraints, hence, we
will calculate the Dirac brackets independently as was performed in above section. For the zero-mode
we obtain
{χ1(0)(x), χ2(0)(z)} =
1
2
m2δliδ
3(x − z), (43)
thus, the matrix whose entries are the Poisson brackets among the second class constraints for the
zero-mode take the form
(
C
(0)
αβ
)
=

 0 1
−1 0

 1
2
m2δijδ
3(x− y),
and it has an inverse given by
(
Cαβ(0)
)
=

 0 −1
1 0

 2
m2
δijδ
3(x− y).
In this manner, the Dirac brackets of two functionals A, B defined on the phase space, is expressed
by
{F (x), G(z)}D ≡ {F (x), G(z)} +
∫
d2ud2w{F (x), ξα(u)}Cαβ{ξβ(w), G(z)},
where {F (x), G(z)} is the Poisson bracket between two functionals F,G, and ξα = (χ1, χ2) represent
the second class constraints. By using this fact, we obtain the following nonzero Dirac’s brackets for
the zero-mode
{B(0)0i (x), B(0)pq (z)}D = −
1
m2
(δipδ
j
q − δiqδjq)∂jδ3(x − z)
{B(0)0i (x),Π0q(0)(z)}D = δqi δ3(x− z). (44)
Now, we will calculate the Dirac brackets for the kk-excitations. For this aim, we calculate the
Poisson brackets among the second class constraints of the kk-excitations. The nonzero brackets are
given by
{χ1(n), χ2(n)} =
1
2
m2δliδ
3(x− z),
{χ3(n), χ4(n)} =
1
2
m2δ3(x − z), (45)
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thus, the matrix whose entries are the poisson brackets among the second class constraints is given
by
(
C
(n)
αβ
)
=


0 δil 0 0
−δil 0 0 0
0 0 0 1
0 0 −1 0


1
2
m2δ3(x− z),
this matrix has as inverse
(
Cαβ(n)
)
=


0 −δli 0 0
δli 0 0 0
0 0 0 −1
0 0 1 0


2
m2
δ3(x − z).
In this manner, we obtain the following nonzero Dirac brackets for the kk-excitations
{B(n)0i (x), B(n)pq (z)}D = −
1
m2
(δipδ
j
q − δiqδjq)∂jδ3(x− z),
{B(n)0i (x),Π0q(n)(z)}D = δqi δ3(x− z),
{B(n)0i (x), B(n)q5 (z)}D =
n
Rm2
δiqδ
3(x− z). (46)
Therefore, we have computed the Dirac brackets of the theory and we can perform its canonical
quantization.
IV. 5D STU¨ECKELBERG KALB-RAMOND THEORY WITH A COMPACT
DIMENSION
Now, we will study the following action
L = 1
2× 3!HMNLH
MNL − 1
4
(mBMN − ΦMN )(mBMN − ΦMN ), (47)
where the field strength HMNL are defined as above, ΦN is the Stu¨eckelberg field and ΦMN =
∂MΦN − ∂NΦM [14]. Just as in above sections, we can expand the fields in terms of the following
series
Φµ(x, y) =
1√
2πR
Φ(0)µ (x) +
1√
πR
∞∑
n=1
Φ(n)µ (x) cos
(ny
R
)
,
Φ5(x, y) =
1√
πR
∞∑
n=1
Φ
(n)
5 (x) sin
(ny
R
)
,
Bµν(x, y) =
1√
2πR
B(0)µν (x) +
1√
πR
∞∑
n=1
B(n)µν (x) cos
(ny
R
)
,
Bµ5(x, y) =
1√
πR
∞∑
n=1
B
(n)
µ5 (x) sin
(ny
R
)
. (48)
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By performing the 4+1 decomposition in the Lagrangian (47), taking into account the series (48)
and integrating over the fifth dimension, we obtain the following effective Lagrangian
L = 1
2× 3!H
(0)
µνλH
µνλ
(0) −
1
4
(mB(0)µν − Φ(0)µν )(mBµν(0) − Φµν(0))
+
∞∑
n=1
[
1
2× 3!H
(n)
µνλH
µνλ
(n) −
1
4
(mB(n)µν − Φ(n)µν )(mBµν(n) − Φµν(n))
−1
2
(
mB
(n)
µ5 − ∂µΦ(n)5 −
n
R
Φ(n)µ
)(
mBµ5(n) − ∂µΦ5(n) −
n
R
Φµ(n)
)
+
1
4
(
∂µB
(n)
ν5 + ∂νB
(n)
5µ −
n
R
B(n)µν
)(
∂µBν5(n) + ∂
νB5µ(n) −
n
R
Bµν(n)
)]
. (49)
We can observe that the effective Lagrangian describes a 4D Stu¨eckelberg Kalb-Ramond theory plus
a tower of kk-excitations. For this theory, the Hessian of the Lagrangian (49) given by
∂2L
∂(∂0Φ
(l)
M )∂(∂0Φ
(l)
L )
= (gL0g0M − gLM ) + δM5 δL5 ,
∂2L
∂(∂0B
(m)
KM )∂(∂0B
(h)
LH)
=
1
4
(gLKgHM − gLMgHK) + 1
4
δH5 δ
M
5 g
LK , (50)
has rank= 8k−7 and 5k−1 null vectors, this means that we expect 5k−1 primary constraints. There-
fore, from the definition of the momenta (Π0(0),Π
i
(0),Π
0i
(0),Π
ij
(0),Π
0i
(n),Π
ij
(n),Π
05
(n),Π
i5
(n),Π
5
(n),Π
i
(n),Π
0
(n))
canonically conjugate to (Φ
(0)
0 ,Φ
(0)
i , B
(0)
0i , B
(0)
ij , B
(n)
0i , B
(n)
ij , B
(n)
05 , B
(n)
i5 ,Φ
(n)
5 ,Φ
(n)
i ,Φ
(n)
0 ) we obtain
Π0(0) = 0, Π
i
(0) = mB
0i
(0) − Φ0i(0), Π0i(0) = 0, Πij(0) =
1
2
H0ij(0) ,
Π0(n) = 0, Π
i
(n) = mB
0i
(n) − Φ0i(n), Π5(n) = mB05(n) − ∂0Φ5(n) −
n
R
Φ0(n),
Π0i(n) = 0, Π
05
(n) = 0, Π
ij
(n) =
1
2
H0ij(n), Π
i5
(n) =
1
2
(∂0Bi5(n) + ∂
iB50(n) −
n
R
B0i(n)), (51)
thus, we identify the following 5k − 1 primary constraints
φ0(0) ≡ Π0(0) ≈ 0, φ0i(0) ≡ Π0i(0) ≈ 0,
φ0(n) ≡ Π0(n) ≈ 0, φ0i(n) ≡ Π0i(n) ≈ 0, φ05(n) ≡ Π05(n) ≈ 0. (52)
On the other hand, by using the definition of the momenta we identify the canonical Hamiltonian
given by
Hc =
∫
d3x
[
B
(0)
0i (mΠ
i
(0) + 2∂jΠ
ij
(0))− Φ
(0)
0 ∂iΠ
i
(0) −
1
2
Π
(0)
i Π
i
(0) +Π
(0)
ij Π
ij
(0) −
1
2× 3!H
(0)
ijkH
ijk
(0)
+
1
4
(mB
(0)
ij − Φ(0)ij )(mBij(0) − Φij(0)) +
∞∑
n=1
[
B
(n)
0i (mΠ
i
(n) + 2∂jΠ
ij
(n))− Φ
(n)
0 ∂iΠ
i
(n)
−1
2
Π
(n)
i Π
i
(n) +Π
(n)
ij Π
ij
(n) −
1
2× 3!H
(n)
ijkH
ijk
(n) +
1
4
(mB
(n)
ij − Φ(n)ij )(mBij(n) − Φij(n))
−1
2
Π
(n)
5 Π
5
(n) + 2Π
(n)
i5 Π
i5
(n) +B
(n)
05 (mΠ
5
(n) + 2∂iΠ
5i
(n)) +
n
R
(2B
(n)
0i Π
i5
(n) − Φ(n)0 Π5(n))
+
1
2
(
mB
(n)
i5 − ∂iΦ(n)5 −
n
R
Φ
(n)
i
)(
mBi5(n) − ∂iΦ5(n) −
n
R
Φi(n)
)
−1
4
(
∂iB
(n)
j5 + ∂jB
(n)
5i −
n
R
B
(n)
ij
)(
∂iBj5(n) + ∂
jB5i(n) −
n
R
Bij(n)
)]]
, (53)
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and the primary Hamiltonian takes the following form
H1 = Hc +
∫
d3x
[
a
(0)
0 φ
0
(0) + a
(0)
0i φ
0i
(0) +
k−1∑
n=1
(
a
(n)
0 φ
0
(n) + a
(n)
0i φ
0i
(n) + a
(n)
05 φ
05
(n)
)]
, (54)
where a
(0)
0 , a
(0)
0i , a
(n)
0 , a
(n)
0i and a
(n)
05 are Lagrange multipliers enforcing the constraints. For this
theory, the fundamental Poisson brackets are given by
{Φ(0)ν (x),Πµ(0)(z)} = δµν δ3(x− z), {B
(0)
αβ (x),Π
µν
(0)(z)} =
1
2
(δµαδ
ν
β − δµβδνα)δ3(x− z),
{Φ(l)H (x),ΠL(n)(z)} = δlnδLHδ3(x− z), {B(l)HL(x),ΠMN(n) (z)} =
1
2
δln(δ
M
H δ
N
L − δML δNH )δ3(x − z).(55)
On the other hand, by demanding consistency among the constraints, we find the following secondary
constraints
ψ0(n) ≡ ∂iΠi(n) +
n
R
Π5(n) ≈ 0,
ψ0i(n) ≡ mΠi(n) + 2∂jΠij(n) +
n
R
2Πi5(n) ≈ 0,
ψ05(n) ≡ mΠ5(n) + 2∂jΠ5j(n) ≈ 0. (56)
For this theory, there are not third constraints. In this manner, we have found the following set of
constraints
φ0(0) ≡ Π0(0) ≈ 0,
φ0i(0) ≡ Π0i(0) ≈ 0,
ψ0(0) ≡ ∂iΠi(0) ≈ 0,
ψ0i(0) ≡ mΠi(0) + 2∂jΠij(0) ≈ 0,
φ0(n) ≡ Π0(n) ≈ 0,
φ0i(n) ≡ Π0i(n) ≈ 0,
φ05(n) ≡ Π05(n) ≈ 0,
ψ0(n) ≡ ∂iΠi(n) +
n
R
Π5(n) ≈ 0,
ψ0i(n) ≡ mΠi(n) + 2∂jΠij(n) +
n
R
2Πi5(n) ≈ 0,
ψ05(n) ≡ mΠ5(n) + 2∂jΠ5j(n) ≈ 0, (57)
we are able to observe that all these 10k−2 constraints are of first class. It is important to comment
that the Stu¨eckelberg’s field convert to Proca Kalb-Ramond theory in a full gauge theory. In the
Proca Kalb-Ramond model studied in above section, there are only second class constraints and there
are not reducibility relations among the constraints. In this Stu¨eckelberg Kalb-Ramond theory there
are only first class constraints and there are reducibility among the constraints in both, zero modes
and kk-excitations. These reducibility conditions are given by the following k relations
∂iψ
0i
(0) −mψ0(0) = 0,
∂iψ
0i
(n) −mψ0(n) +
n
R
ψ05(n) = 0, (58)
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thus, the number of independent first class constraints is [(10k − 2)− k] = 9k − 2. In this manner,
the counting of physical degrees of freedom is carry out in the following way; there are 30k − 10
dynamical variables and 9k − 2 independent first class constraints, thus, the number of physical
degrees of freedom is
DF =
1
2
[30k − 10− 2(9k − 2)] = 6k− 3, (59)
we observe if k = 1, then there are 3 degrees of freedom as expected. In fact, Stu¨eckelberg Kalb-
Ramond and Proca Kalb-Ramond have the same number of physical degrees of freedom, however,
the former is a full gauge theory while the latter is not. We also can observe, that for each excitation
there is a contribution of 6 degrees of freedom, just as it is present in the Kalb-Ramond theory.
We have observed that Stu¨eckelberg Kalb-Ramond is a reducible system with only first class con-
straints, this means that the theory is a gauge theory. Hence, we shall calculate the gauge transfor-
mations of the theory. For this aim, we define the following gauge generator
G =
∫ [
ǫ
(0)
0 φ
0
(0) + ǫ
(0)
0i φ
0i
(0) + ǫ
(0)ψ0(0) + ǫ
(0)
i ψ
0i
(0) + ǫ
(n)
0 φ
0
(n)
+ǫ
(n)
0i φ
0i
(n) + ǫ
(n)ψ0(n) + ǫ
(n)
i ψ
0i
(n) + ǫ
(n)
05 φ
05
(n) + ǫ
(n)
5 ψ
05
(n)
]
d3z. (60)
thus, the following gauge transformations of the theory are obtained
Φ
(0)
0 → Φ(0)0 + ∂0ǫ(0),
Φ
(0)
i → Φ(0)i − ∂iǫ(0) +mǫ(0)i ,
B
(0)
0i → B(0)0i − ∂0ǫ(0)i ,
B
(0)
ij → B(0)ij + ∂iǫ(0)j − ∂jǫ(0)i ,
Φ
(n)
0 → Φ(n)0 + ∂0ǫ(n),
Φ
(n)
i → Φ(n)i − ∂iǫ(n) +mǫ(n)i ,
Φ
(n)
5 → Φ(n)5 +
n
R
ǫ(n) −mǫ(n)5 ,
B
(n)
0i → B(n)0i − ∂0ǫ(n)i ,
B
(n)
05 → B(n)05 + ∂0ǫ(n)5 ,
B
(n)
ij → B(n)ij + ∂iǫ(n)j − ∂jǫ(n)i ,
B
(n)
i5 → B(n)i5 +
n
R
ǫ
(n)
i − ∂iǫ(n)5 , (61)
we can write these gauge transformations in the following compact form
δΦ(0)µ = −∂µǫ(0) +mǫ(0)µ ,
δB(0)µν = ∂µǫ
(0)
ν − ∂νǫ(0)µ ,
δΦ(n)µ = −∂µǫ(n) +mǫ(n)µ ,
δΦ
(n)
5 =
n
R
ǫ(n) −mǫ(n)5 ,
δB(n)µν = ∂µǫ
(n)
ν − ∂νǫ(n)µ ,
δB
(n)
µ5 =
n
R
ǫ(n)µ − ∂µǫ(n)5 . (62)
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It is interesting to observe that under the following fixed gauge
ǫ(n) =
R
n
(mǫ
(n)
5 − Φ(n)5 ),
ǫ(n)µ =
R
n
(∂µǫ
(n)
5 −B(n)µ5 ), (63)
the fields transform like
δΦ(n)µ =
R
n
∂µΦ5 −B(n)µ5 ,
δB(n)µν = −∂µB(n)ν5 + ∂νB(n)µ5 , (64)
under that fixed gauge the effective Lagrangian (49) is reduced to
L = 1
2× 3!H
(0)
µνλH
µνλ
(0) −
1
4
(mB(0)µν − Φ(0)µν )(mBµν(0) − Φµν(0)) +
∞∑
n=1
[
1
2× 3!H
(n)
µνλH
µνλ
(n)
−1
4
(mB(n)µν − Φ(n)µν )(mBµν(n) − Φµν(n))−
1
2
( n
R
)2
Φ(n)µ Φ
µ
(n) +
1
4
( n
R
)2
B(n)µν B
µν
(n)
]
. (65)
this means that the fields Φ
(n)
5 and B
(n)
5µ has been absorbed and they are identified as pseudo-
Goldstone bosons, something similar is also present in the free 5D Stu¨eckelberg theory [19].
On the other hand, because of the zero modes and the kk-excitations are not mixed in the constraints
we procedure to calculate the Dirac brackets for all the modes. In fact, by fixing the gauge we have
the following constraints for the zero mode
χ1(0) ≡ Π0(0), χ2(0) ≡ Φ(0)0 ,
χ3(0) ≡ Π0i(0), χ4(0) ≡ B(0)0i ,
χ5(0) ≡ ∂iΠi(0), χ6(0) ≡ ∂iΦ(0)i ,
χ7(0) ≡ mΠi(0) + 2∂jΠij(0) + ∂ip(0), χ8(0) ≡ ∂jB
(0)
ij + ∂iq(0), (66)
now the constraints are of second class and we have introduced the auxiliary variables q(0) and p(0)
in order to have independent second class constraints. The auxiliary variables satisfy
{q(0)(x), p(0)(z)} = δ3(x− z). (67)
In this manner, the nonzero Poisson brackets among the constraints (66) are given by
{χ1(0)(x), χ2(0)(z)} = −δ3(x− z),
{χ3(0)(x), χ4(0)(z)} = −
1
2
δijδ
3(x− z),
{χ5(0)(x), χ6(0)(z)} = −∂i∂iδ3(x− z),
{χ6(0)(x), χ7(0)(z)} = m∂iδ3(x− z),
{χ7(0)(x), χ8(0)(z)} = −δik∂j∂jδ3(x − z), (68)
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thus, we form the following matrix whose entries are given by the Poisson brackets (68)
(
C
(0)
αβ
)
=


0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 − 12δij 0 0 0 0
0 0 12δ
i
j 0 0 0 0 0
0 0 0 0 0 −∇2 0 0
0 0 0 0 ∇2 0 m∂i 0
0 0 0 0 0 −m∂i 0 −δij∇2
0 0 0 0 0 0 δij∇2 0


δ3(x− z),
the inverse of this matrix is
(
Cαβ(0)
)
=


0 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0
0 0 0 2δij 0 0 0 0
0 0 −2δij 0 0 0 0 0
0 0 0 0 0 1
∇2
0 − m∂j(∇2)2
0 0 0 0 − 1
∇2
0 0 0
0 0 0 03 0 0 0
δ
j
i
∇2
0 0 0 0 m∂
j
(∇2)2 0 −
δ
j
i
∇2
0


δ3(x− z).
In this manner, we obtain the following nonzero Dirac brackets among the physical fields
{Φ(0)0 (x),Π0(0)(z)}D = 2δ3(x − z),
{B(0)0i (x),Π0j(0)(z)}D = δji δ3(x− z),
{Φ(0)i (x),Πj(0)(z)}D = [δji −
1
∇2 ∂i∂
j ]δ3(x− z),
{Φ(0)i (x),Πjk(0)(z)}D =
m
2∇2 [δ
j
i ∂
k − δki ∂j ]δ3(x− z),
{B(0)ij (x),Πkl(0)(z)}D =
1
2
[δki δ
l
j − δliδkj −
1
∇2 (δ
k
i ∂
l∂j − δli∂k∂j − δkj ∂l∂i + δlj∂k∂i)]δ3(x− z).(69)
and we can observe that the Dirac brackets among physical and the auxiliary variables vanish as
expected. In fact, the auxiliary fields do not contribute to the theory and they can be taken as zero
at the end of the calculations [14].
Now, we will calculate the Dirac brackets for the kk-excitations. In fact, by fixing the gauge and
introducing auxiliary variables we obtain the following set of second class constraints
χ1(n) ≡ Π(n)0 , χ2(n) ≡ Φ0(n),
χ3(n) ≡ Π0i(n), χ4(n) ≡ B(n)0i ,
χ5(n) ≡ Π05(n), χ6(n) ≡ B(n)05 ,
χ7(n) ≡ ∂iΠi(n) +
n
R
Π5(n), χ
8
(n) ≡ ∂iΦ(n)i ,
χ9(n) ≡ mΠi(n) + 2∂jΠij(n) +
n
R
2Πi5(n) + ∂
ip(n), χ
10
(n) ≡ ∂jB(n)ij + ∂iq(n),
χ11(n) ≡ mΠ5(n) + 2∂jΠ5j(n), χ12(n) ≡ ∂jB
(n)
5j , (70)
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where the auxiliary variables q(n) y p(n) satisfy the brackets
{q(n)(x), p(n)(z)} = δ3(x− z). (71)
The nonzero Poisson brackets among the constraints (70) are given by
{χ1(n)(x), χ2(n)(z)} = −δ3(x− z),
{χ3(n)(x), χ4(n)(z)} = −
1
2
δijδ
3(x− z),
{χ5(n)(x), χ6(n)(z)} = −
1
2
δ3(x − z),
{χ7(n)(x), χ8(n)(z)} = −∂i∂iδ3(x− z),
{χ8(n)(x), χ9(n)(z)} = m∂iδ3(x− z),
{χ9(n)(x), χ10(n)(z)} = −δik∂j∂jδ3(x − z),
{χ9(n)(x), χ12(n)(z)} = =
n
R
∂iδ3(x− z),
{χ11(n)(x), χ12(n)(z)} = −∂i∂iδ3(x− z), (72)
by using these brackets we construct the matrix
(
C
(n)
αβ
)
=


0 −1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 − 12δij 0 0 0 0 0 0 0 0
0 0 12δ
i
j 0 0 0 0 0 0 0 0 0
0 0 0 0 0 − 12 0 0 0 0 0 0
0 0 0 0 12 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −∇2 0 0 0 0
0 0 0 0 0 0 ∇2 0 m∂i 0 0 0
0 0 0 0 0 0 0 −m∂i 0 −δij∇2 0 nR∂i
0 0 0 0 0 0 0 0 δij∇2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −∇2
0 0 0 0 0 0 0 0 − n
R
∂i 0 ∇2 0


δ3(x− z).
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whose inverse is given by
(
Cαβ(n)
)
=


0 1 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2δji 0 0 0 0 0 0 0 0
0 0 −2δji 0 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0 0 0
0 0 0 0 −2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
∇2
0 − m∂j(∇2)2 0 0
0 0 0 0 0 0 − 1
∇2
0 0 0 0 0
0 0 0 0 0 0 0 0 0
δ
j
i
∇2
0 0
0 0 0 0 0 0 m∂
j
(∇2)2 0 −
δ
j
i
∇2
0 − n∂j
R(∇2)2 0
0 0 0 0 0 0 0 0 0 n∂
j
R(∇2)2 0
1
∇2
0 0 0 0 0 0 0 0 0 0 − 1
∇2
0


δ3(x− z).
By using this matrix, we obtain the following nonzero Dirac brackets
{Φ(n)0 (x),Π0(n)(z)}D = 2δ3(x− z),
{B(n)0i (x),Π0j(n)(z)}D = δji δ3(x− z),
{Φ(n)i (x),Πj(n)(z)}D = [δji −
1
∇2 ∂i∂
j ]δ3(x − z),
{Φ(n)i (x),Πjk(n)(z)}D =
m
2∇2 [δ
j
i ∂
k − δki ∂j]δ3(x− z),
{B(n)ij (x),Πkl(n)(z)}D =
1
2
[δki δ
l
j − δliδkj −
1
∇2 (δ
k
i ∂
l∂j − δli∂k∂j − δkj ∂l∂i + δlj∂k∂i)]δ3(x− z), (73)
and the brackets among physical and auxiliary variables vanish. It is important to remark, that all
results of this work are absent in the literature.
V. CONCLUSSIONS AND PROSPECTS
In this paper, the Hamiltonian analysis for a 5D Kalb-Ramond, 5D Proca Kalb-Ramond and
Stu¨eckelberg’s Kalb-Ramond theories with a compact dimension has been performed. Respect to
5D Kalb-Ramond theory, we obtained the complete canonical description of the theory. After
performing the compactification of the fifth dimension on a S1/Z2 orbifold, we found that the
effective theory is composed by a 4D Kalb-Ramond theory identified with the zero-mode plus
a tower of kk-excitations. We reported the complete constraints program, we found that the
constraints of the theory are of first class and reducible. From the gauge transformations of the
theory and by fixing a particular gauge, we identified a tower of massive fields and the fields B
(n)
5µ
are identified as pseudo-Goldston bosons. Furthermore, in order to obtain a irreducible set of
constraints we introduced auxiliary variables and we calculate the fundamental Dirac’s brackets for
the zero modes and the kk-excitations.
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On the other hand, for the Proca Kalb-Ramond theory we observed that the theory is not a
gauge theory as expected. In fact, for the mode zero and for the kk-excitations we found that
there are only second class constraints, there are not reducibility conditions and there are not
present pseudo-Goldstone bosons. We constructed the Dirac brackets for the zero mode and the
kk-excitations.
Furthermore, we performed the Hamiltonian analysis for Stu¨eckelberg Kalb-Ramond theory. We
found that the theory have only first class constraints; there are reducibility conditions among
the constraints of the zero mode and reducibility conditions for the kk-excitations. By fixing the
gauge parameters we can observe that the fields Φ
(n)
5 and B
(n)
5µ are identified as pseudo-Goldstone
bosons, thus, the theory describes a 4D Stu¨eckelberg Kalb-Ramond fields plus a tower of massive
kk-excitations. In order to construct the Dirac brackets, we used the phase space extension
procedure for obtaining a irreducible set of second class constraints and we could construct the
Dirac brackets for the zero mode and for the kk-excitations. In this manner, we have all tools for
performing the quantization of the theories under study. In fact, we can calculate the propagators
among the physical fields by using the Dirac brackets. In this respect, we would like to comment
that the quantization of the theories by using the results of this work and by using the symplectic
method is already in progress, and all these ideas will be the subject of forthcoming works [20].
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